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Minimal energy on a class of graphs
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The energy of a graph G, denoted by E(G), is defined to be the sum of absolute
values of all eigenvalues of G. Let %, denote the set of connected (n, n)— graphs, i.e.,
the connected graphs with n vertices and n edges. For any graph G € %, if d(v) =
r(= 2) for each vertex v in the unique cycle of G, G is said to be cycle — r — regular
(n, n)— graph. In this paper, cycle — 3 —regular (n,n)— graph with minimal energy is
uniquely determined.
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1. Introduction

Let G be a connected graph with n vertices and A(G) its adjacency matrix.
The characteristic polynomial ¢ (G; 1) of A(G) is defined as

$(G: ) = det(] — A(G)) = D aid" ™,
i=0

where [ is the unit matrix of order n.

All n roots Ay, Az, ..., A, of the equation ¢(G;2) = 0 are called to be
eigenvalues of G. It’s evident that each A; (i = 1, 2,...n) is real since A(G) is
symmetric.

n
The energy of G, denoted by E(G), is defined to be > |2;]. It’s well known

i=1
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that E(G) can be expressed as the coulson integral formula

2 n 2
1o 2 S
E(G) = E/_oo S| [ 22D e | | oD )y,
i=0 i=0
(1)
where ag, ay,...,a, are coefficients of characteristic polynomial ¢(G; x) of G.

Since the energy of a graph can be used to approximate the total z-electron
energy of the molecule, it has been intensively studied by many scholars. It’s both
interesting and significant to determine the graph with extremal energies among
a given class of graphs. Numerous results on this subject haven been put forwar-
ded. For more details see [1-9]; for some recent research along these lines see
[10-22]. The interested reader may also refer to [23, 24] for the mathematical pro-
perties.

As usual, we begin with some notations and terminologies.

Let G =< V(G), E(G) > be a graph with n = |V(G)| vertices and ¢ =
|E(G)| edges. If n = ¢, then G is said to be a (n, n)—graph.

It’s easy to see that any connected (n, n)—graph contains exactly one cycle.
Let %, denote the set of connected (n, n)— graphs.

Let %] ={G € %,|d(x) = r for any vertex x € V(C;)}, where r > 2 and C;
is the unique cycle in G. Any graph in %, is said to be a cycle — r — regular
graph. Since %nz contains exactly one single element, we will always suppose that
r > 3.

Let G be a connected (n, n)— graph and C; the unique cycle of length /(3 <
[ <n)init. If n > 1+ 1, then G has at least a vertex with degree one, which is
also named pendent vertex. Let Vi(G) denote the set of pendent vertices in G.
Let dg(x, y) denote the length of the shortest path connecting vertices x and y
in G, namely, the distance between x and y. Let dg(x, C;) = min{dg(x, y)|y €
V(Cy) and x ¢ V(C))}. Let Vo(G) denote the subset of Vi(G) such that for any
vertex x in V»(G) there exists dg(x, C;) = max{dg(y, C;)| y € V1(G)}.

Let P, be path on n vertices and its vertices be ordered successively as
X1, X2, ..., Xy. By P,’f we denote the graph obtained from P, by attaching exactly

one pendent edge to each of the vertices xi, xxi1, ..., X,, respectively. Here,
P! =P, and P} = P4
Let the vertices of C; be ordered successively as yi, yo,..., y;. Denote by

Cl(t1, tp, ..., 1), the graph obtained from C; by attaching exactly # pendent
!

edges to the vertex y; fori = 1,2,...,1, where ; > O and > t;, = n — [.
i=1

Here, Cll(O, 0,...,0)=Cj. Let Cél(l, I,...,1)°S,_241 be the graph obtained by

fusing the center of the star S,_»;+1 with one pendent vertex of Cél(l, 1, ..., 1).
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Figure 1. (a). PZ; (b). P}
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Figure 2. (a). Cg(1, 1, 1, 1)°S,_7:(b). C3(1, 1, 1)°S,,_s.

As examples, we illustrate P52 and Plk in figure 1 and Cg (1, 1, 1, 1)°S,_7 and
Cg(l, 1, 1)°S,,_5 in figure 2, respectively.

Denote, as usual, mK{(m > 1) m copies of isolated vertex Kj.

In this work, we investigate the minimal energy for graphs in %,f. It’s
mathematically proved that Cg(l, 1, 1)°S,_5 is the unique graph with minimal
energy among all graphs in %,f.

2. Lemmas and results

We begin with a well-known result due to Sachs [25] which reads as follows

Lemma 1. Let G be a graph on n vertices with characteristic polynomial ¢ (G; x)

n .
= > a;x"~". Then
i=0

a;(G) = D (=12, 2)

SeL;

where L; denotes the set of Sachs graphs with i vertices (namely, the graph with
its component being either K> or a cycle), k(S) is number of components of S
and ¢(S) is the number of cycles contained in S.

Let b;(G) = |a;(G)|(i =0, 1,...,n). It can be easily seen from equation (2)
that b>(G) equals exactly the number of edges of G. In addition, by(G) = 1.

Let m(G, k) denote the number of k—matchings of a graph G, where
k—matchings is a set of edges of size k in which any two edges share no common
vertices. In particular, if G contains no cycle, i.e., G is acyclic, then by (G) =
m(G, k) and by;11(G) = 0 for each k > 0. It’s both consistent and convenient to
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define by (G) = 0 and m(G, k) = 0 for the case when k& < 0.

In Ref [5], Y. Hou obtained the following result:

Lemma 2. Let G be a unicyclic graph with its cycle C;. Then (—1)¥ay > 0 for
all k > 0; and (—D¥ayq1 > 0 (resp. < 0) for all k > 0if [ = 2r + 1 and
ris odd (resp. even).

By means of lemma 2, equation (1) is now reduced to
2 . 2
| oo 1] N 1] -
E(G) = ;/0 —n ;bzix o+ §b2i+1x i+ dx. (3)

X

It follows from (3) that E(G) is a monotonically increasing function of
bi(G) for i = 0,1,...,n. That is to say, for any two unicyclic graphs G| and
G», there exists

bi(G1) = bi(Gy) for all i > 0= E(G) > E(G2). 4)

If b;(G1) = b;(G>) holds for all i > 0, then we write G| > G, or Gy < G.
If G1 > Ga(or Gy < Gy) and there exists some iy such that b;,(G1) > b;,(G2),
then we write G| > Ga(or Gy < G1).

According to the above relations, the following lemma follows readily.

Lemma 3. Let G| and G» be two unicyclic graphs. Then G| > G, implies that
E(G|) > E(Gy) and G| = G, implies that E(G|) > E(G»).

Lemma 4. Let G be a unicyclic graph on n vertices with its cycle being C;. Let
uv be an edge in E(G), we have

(a).If uv € Cy, then b;(G) = b;(G — uv) + b;_2(G —u —v) — 2b;_ (G — C))
if | = 0(mod 4) and b;(G) = b;j(G — uv) + b; _»(G —u — v) + 2b;_;(G — C)) if
[ #£ 0(mod 4);

(b). If uv ¢ Cy, then b; (G) = b; (G —uv)+b; _»(G—u—v). In particular, if uv
is a pendent edge with pendent vertex v, then b;(G) = b; (G —v)+b; _2(G—u—v).
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Proof. Recall that

$(G;x) = (G —uv; x) —¢(G —u—v;x) =2 > $(G—C;x), ©)

Cebyy

where %,, denotes the set of cycles containing uv. _
One can easily obtain the desired result by equating the coefficients of x"™*
on both sides of equation (5). ]

F. Li obtained the following result in Ref. [22].

Lemma 5. Let G be a unicyclic graph in %, and G the graph/ obtained from G
by deleting at least one edge outside its unique cycle. Then G < G.

Denote by %,}(l) the subset of %, such that for any graph G € %>(l), G
has a cycle of length /. It’s obvious that G has at least 2/ vertices.

Theorem 6. Let G € %;(1). Then E(G) > E(C5,(1, 1,..., 1)°S,_241). Equality
holds if and only if G = Cél(l, ..., %S, 241.

Proof. By lemma 3, it suffices to prove that if G 2 Cél(l, 1,...,1)°S, 241, then
G > Chy(, 1,..., )%, 41

We proceed by induction on n — 2.

When n — 2/ =0, we have G = Cél(l, I,...,1)°S; since G € %,f(l). There-
fore, the result follows.

Suppose r > 1 and the above statement is true for the case when n —2/ < t.

Now, let n — 21 = r. Obviously, Vo(G) # @. Let x be any vertex in V»>(G).
Asn >2l+1and G € %,f(l), then dg(x, C;) > 2. Take x as v and its unique
neighbor as u. Using lemma 4(b), we obtain

bi(G) =bi(G —v) +b;i2(G —v—u) (6)

and

bi(Ch (1, 1, .0, DOS,—ai1) = bi(Ch(1, 1, .., DS, 2)
+bi2(CY_, (0, 1,..., 1)). (7
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Noting that G —v e %> (1) and C,,(1, 1,...,1)°S,_5 € %> |(I). Then
G—v>Ch(l, 1,...,1)°S, (8)

vyith equality if and only if G —v = Cél(l, I,...,1)°S,_» by induction assump-

o Moreover, Cél_l(O, I,...,1) is a proper subgraph of G — v — u, and then
G—v—ux>Chy ((0,1,...,1). )

by lemma 5.
From equations.(8) and (9), we get resp.

bi(G —v) = bi(Ch(1, 1,...,1)°S,_2) (10)
and
bi(G —v —u) = bi(Ch_ 10, 1,..., 1)). (11)

foralli > 0.
Combining equations.(6)—(7) and (10)—(11), we obtain

bi(G) = bi(Coy(1, 1., D°Syais1) (12)
for all i > 0.
Since G # Cél(l, I,...,1)°S, 211, there must exist some iy such that
big(G) > big(Cy (1, 1,..., D°S,_241). (13)

(In fact, by equation (9), there must exist some iy such that b; (G — v —u) >
b,-O(Cél_l(O, 1,...,1)).) Hence, the thecorem follows. o

Lemma 7. [25]. Let e = uv be an edge of a graph G on n > 2 vertices. Then the
k—matchings m(G; k) of G is determined by

m(G; k) =m(G —vu; k) +m(G—v—u;k—1)

Jor k=1,2,...,15], where m(G;0) = 1.

Lemma 8. For [ > 5, E(Cy,(1, 1,...,1)°S)) > E(Cg(l, 1,..., )°Sy_7), where
Cg(l, 1,...,1)°S, 7 is graph as shown in figure 2(a).
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Proof. By lemma 3, it’s sufficient to prove that Cél(l, 1,...,l)°S1)>C§
(1, 1,...,1)°Sy 7.

We shall prove this by induction on /.
When [ = 5, by Lemma 4(a), we have

bi(Co(1, 1, ..., D°S)) = bi(Pd) + bi—o(P3) + 2b;i—_s(5K1), (14)

bi(Cg(1, 1,...,1)°83) = b;(T™) + b;_»(P4 U S3) — 2b;_4(P3), (15)

where T® is the tree as indicated in figure 3(a) by setting / = 4 and n = 10.
It can be seen from equations. (14) and (15) that b2k+1(C§(1, 1,...,1)°83) =
0 < 2bks1)-5(5K1) = bog1(Cip(1, 1, ..., DOSy) for all k > 0.

In what follows, we shall verify that bzk(Cg(l, 1,..., 1)°S3)<b2k(C150
(1, 1,...,1)°S8)) for all k > 0. It’s easy to see that the statement is true for
k=0,1. So we may assume that k > 2.

Once again, by lemma 4(a), we obtain

bor(Cio(1, 1, ..., 1)°S)) = bor(Pd) + by —2(P3)
=m(Pg: k) +m(Pi: k1),

bor(Cg(1, 1,...,1)°83) = by (T™) + bag_2(Ps U P3) — 2by_4(P3)
=m(TW; k) +m(PyU P3; k — 1) — 2by;_4(P3)
<m(TY: k) +m(PsU Py k — 1)

Let f(k) = [m(P; k) +m(PL k — )] — [m(T®; k) + m(P4 U P3; k — 1)]. Then

fk)y =m(PyU P; k) 4 2m(Pi; k — 1) —m(P3 U PFs k) —
m(P{ik —1) —m(PyU Pys k — 1) — m(Py; k —2)

=m(Pg; k —3) —m(Py; k —2) +m(Py; k —2) +m(Py; k —3)
0, 2<k<3andk > 6;

=1 3, k=4,
1, k=25;

Therefore, f(k) > 0 and then bzk(CfO(l, 1,...,D°8) > b2k(C§(1, 1,..., 1)
°§3) for all k > 0. In particular, bg(C7,(1, 1,..., 1)°S)) > bg(Cg(1, 1, ..., 1)°S3).
So the statement is true for the case when [ = 5.

Let # > 6 and suppose the result is true for / < ¢t. Consider the case when
l=t.
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n— 2l n—2l
—— ——

Figure 3. (a). TD; (b).Ty; (¢). Ts; (d). T3.

Obviously, byt 1(Cg(1, 1,...,1)°85_7) = —2b2k41)-4(S2—7) = 0.

If t = O(mod 4), b2k+1(Cét(1, L,....,1)°S1) = —2bok+1)—:(tK1) = 0, and if
t # 0(mod 4), byy1(C5, (1, 1,..., 1)°Sy) = 2boy41)—(tK1) > 0.

S0 bort1(Ch, (1, 1., 1)OS)) = boyy1(Co(1, 1,..., 1)°Sy_7) for all k > 0.
Now, we need only to show that by (CS (1, 1,...,1)°S)) > bzk(Cg(l, I,..., D
©85,_7) for all k > 0.

From lemma 4(a), we obtain

bo(Ch, (1, 1, 1)°8)) = box(P) + by 2 (P ) & 2oy (1K 1)
>m(P k) +mP i k—1) =2
=m(P,UPL s k) +2m(P ik —1) =2
=m(P k) +mPL k=D 4 2mPl ik —1) =2
=[m(PL k) +m(P 5 k= 1)+ 21+ m(P  k—1)+
m(Pl 3 k—1) +2m(P 3 k—2) +2m(Pl ;;k—2)—4
> by (Ch,L (AL 1L DOS) +m(PL k= 1)
+m(P 5k —1).

By induction assumption, bzk(Cé(_tl_l)(l, I,...,1D)°8) > bzk(Cg(l, 1,....,1
°Sy—9). This gives by (Ch,(1, 1,....1D°S1) = by(Cg(l, 1,...,1)°Sp_9) +
m(P! k=1 +mP! s k—1).

By lemma 4 (b) and (a), we have

bor(Cg(1, 1,...,1)°8y_7) = by (Cg(1, 1, ..., 1)°Sp_9) + 2b2y 2(CF(0, 1,..., 1))
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and

bok—2(CF(0, 1,.... 1)) = boy—2(P}) + bok—4(P4) — 2by_6(3K1)
=m(Pjik — 1)+ m(Py; k —2) — 2by_6(3K1),
respectively.
What remains is to prove that m(le—l; k—1)+ m(P;1—3; k—1) > 2[m (P2
k—1)4+m(Py; k—2)].
Note that

m(PL ik —1) > m(Pdik—1) =m(Pjik—1)+m(PJ:k—2)+m(Pj: k—2),

m(PLyik—1) = m(Psik = 1) =m(Py; k— 1) +m(Py; k —2) + m(Py; k — 2).
Hence,
m(PLyik—D+mPLyk—1)>mPlsk—1+m(Pfsk—2)+m(Py k—2)
+m(Py;k— 1) +m(Py; k—2) +m(Pr; k —2)
=m(Py;k — 1) +m(Py; k — 1) +2m(Py; k — 2)
+m (Pl k —2) +2m(Pys k —2) +m(Py k —2)
=2m(Py; k — 1)+ 3m(Py; k —2) + m(P}; k —2)
+2m(Py; k —2) + 2m(Py; k — 2)
>2m(Py; k—1)+6m(Py; k —2) +2m(Par; k —2)
= 2[m(P3; k — 1) + 2m(Py; k — 2)]
= 2[m(P}; k — 1) 4+ m(Py; k — 2)].
Therefore, bzk(Cét(l, 1,...,D°8) > bZk(Cg(l, 1,...,1)°8y_7) for all k >

0. In particular, b6(C§t(1, 1,...,D°S) > b6(C§(1, 1,...,1)°85_7). This com-
pletes the proof. m]

Theorem 9. For / > 5 and n > 21, E(Cy(1, 1,...,1)°S,_241) > E(C4(1, 1,
L DOS,).

Proof. By lemma 3, it suffices to demonstrate that Cél(l, ..., DS 1>
Cg‘(l, I,..., 1)°S,_7. If n = 2, the result follows readily by lemma 8. So we may
assume that n > 2/ 4+ 1 in what follows. Using lemma 4(a), we obtain

bi(Cg(1, 1,...,1)°8,_7) = bi(T™W) + b;_2(P4U Sy—7) — 2b;_4(S,—7), (16)

bi(Ch (1, 1, ., 1DOS,0i1) = bi(TD) + b2 (P 5 U Sy—2i41) — 2bi—1(Sp—2141)
(17)
for | = 0(mod 4) and



1398 M. Wang et al.| Minimal energy on a class of graphs

bi(Cy (1, 1, ., DSy a141) = Bi(TD) + bi 2 (Pl 5 U Suaig1) + 2bi1(Su-2111)

(13)
for | # 0(mod 4), where T is the tree as indicated in figure 3(a) and 7™ is the
tree by setting [ = 4 in figure 3(a).

Note from Sachs theorem that b2k+1(C§(1, I,...,1)°S,_7) = 0 for any inte-
ger k > 0.

If I = 0(mod 4), then by 1(Chy(1, 1, ..., 1)°Su_2141) = —2bk+1)—1 (Su—2141)
= 0 for any integer k > 0, and if [ # 0(mod4), then b2k+1(Cél(1, 1,....,D
°8n—2141) = 2b2k+1)—1(Sn—2141) = 0 for any integer k > 0.

Thus by 1(Ch (1, 1, ..., D°S—o41) = b1 (C(1, 1,..., 1)°S,_7) for all
integer k£ > 0.

Now, what remains is to verify that b%(Cél(l, ..., D)°S—041) > bgk(Cg1
(1, 1,...,1)°S,_7) for all integer k > 0.

It’s evident that the above inequality is true for k = 0, 1. So we need only
consider the case when k > 2.

It can be easily seen that

-2, k=2;
—2b2k—4(Sp—7) = 1 —2(m —=8), k=3; (19)
0, k> 4;

Moreover, we have the following:

(1). If I = 1or3(mod4), then 2by;_;(S,_2+1) = 0 for all £k > 0;

2, k = %;
B _ 2(n—2l),k:§+1;
(2). If I = 2(mod 4), then 2by;_;(S,_211) = 0. 2<k< é 1
ork > é +2
2, k= é;
_ B _ —2(n—2l),k=§+1;
(3). If | = 0(mod 4), then 2b2k—l(Sn72l+1) = 0. 2<k< % -1
ork > % +2.

Let g(1) = bo(T") + bag—2(P 5 U Sy—2141). Since T4 and P, U S,
are all acyclic graphs, then g(1) = m(T"; k) +m(P! ;U S,_541;k — 1) by Sachs
theorem.
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So, by lemma 7, we obtain

g)— gl —1) =[mTV: k) +m(PLyU Su_aii1sk— DI = [m(T D k)

+m(PLy U Syaiy3ik — 1]

= [m(Ty U Py k) + m(Tosk — 1) +m(P,U Py U Sy_oriisk— 1)
+m(PLy U Syars1s k —2)] — [m(T3; k) +m(PEy k= 1)
+m (P 3 U Sy_op2ik — 1) +m(PL gk —2)]

=m(Ty; k) +m(Tis k — Dm(Tosk — 1) +m(PLy U Sy_ori1; k—1)
+m(P,1_3 U Sy—aii15 k — 2)+m(PL 4 U Syop1s k — 2) — m(T1; k)
—2m(Pr ik —1) —m(PLyU S, o5k —1) = 2m(P 55k —2)

=m(Tisk =1 +m(Toik — 1) +m(PLyUS,_ay1:k —2)
+m(PLyUSyarg1ik —2) = 2m(PE k — 1) = 2m(PLy k — 2),

(20)
where T, T, and T3 are graphs as illustrated in figure 2(b),(c) and (d).
Bearing in mind that
m(Ti: k= 1) = m(Py US,—aipts k= D) +m(PLy k= 2), 21
m(Ta;k —1) =m(P2, U Su—gs1:k— 1) +m(Pl 3k —2), (22)
m(PL3U S, 13k —2) >m(PLyk—2), (23)
m(P12_1 USp15k—1) > m(P12_1§ k—1). (24)

In view of equations. (21)-(24), equation. (20) is reduced to

g) — gl —1) >m(PP U Sy ys1sk— 1) +m(Pl 5 k—2)
+m(P[1_4 USp—or415k—2) — m(P[2_1§ k—1).

Since n > 21 + 1, then

m(P2 U S, ai1; k—1) = m(P2,U Py k—1) = m(P? i k — 1) + m(P? 4; k=2).
(25)

Note that

m(PE s k—1) = m(P! s k—1) +m(P} 3 k=2) = m(P? 5 k—1) + 2m(P! 5; k—2).
(26)
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Consequently,
gy —gU—1)>m(Plyi k=2) +m(Py k—2) +m(PLyU S, g1k —2)
—2m(P} 3k —2)
>m(PL4U Sy a1k —2).
The above inequality holds due to the fact that both Pll_2 and Plz_2 contain

Pll_3 ;s proper subgraph.
0

g) > gl — 1) +m(P JUS, 2415k —2)
>g(l—2)+m(Pl,US, 211:k—2)
> ...

> g +m(P U S, o415k —2). (27)

When [ # 0(mod 4), by equations. (16), (18)-(19),(27) and (i)-(ii), we have
by (Ch,(1, 1, .., DOS,o41) = b (CE(1, 1, ..., 1)°S,_7) for all integer k > 0.

When [ = 0(mod 4), we have

m(PL U Sy a1s k —2) — 2by—(Sp—21+1) >

((1—4
(é_3)(n—21)—2>0, k=14

{ (é__‘;)(n—2l)—2(n—2l)>0, k=%+1;
2

0, k#5541

Hence,

bo(Ch (1, 1, ..., DS, _1) = g(1) — 2b2k—1(Sy—2141)
> g@) +m(Py U Su_oir15k —2) = 2b2_1(Sy—2141)
>g4)
> g(4) — 2bpi—4(Sy—7)
= by (Cg(1, 1,..., 1)°S,_7).

From the above discussion, we know that there must exist some kg such
that b, (Ch (1, 1, ..., D°S,_41) > by (Cg(1, 1,...,1)°S,_7). This completes
the proof. o
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Lemma 10. For n > 8, E(Cg(1, 1, 1, 1)°S,_7) > E(CJ(1, 1, 1)°S,_5s).

Proof. One can easily get that

P(C(1, 1, 1)°8,_5)=x""O[x® — nx*—2x34+(5n — 24)x> +- 2(n—6)x — (3n—17)],
(28)

P(Ca(1, 1, 1, D°S,—)=x""3[x3 — nx® 4+ (7n — 38)x* — (13n — 96)x*+(3n—23)].
(29)

Hence, by equations. (3), (28) and (29), we have E(C,‘}(l, I,1,n—17) —
EC}, 1, n=5) =L [ Lin gg;dx, where fi(x) = [1 4+ nx2 + (7Tn — 38)x* +
(137 —96)x 4+ (3n —23)x%12 and fr(x) = [l +nx?+ (5n —24)x* + Bn — 17)x% +
[(2x3) 4+ 2(n — 5)x°]?. The the result follows by a simple calculation. ]

Summarizing theorems 6, 9 and lemma 10, we arrive at

Theorem 11. For n > 6, Cg’(l, 1, 1)°S,_s has the minimal energy among all
graphs in %}, where C}(1, 1, 1)°S,_s is graph as shown in figure 2(b).

Remark. 1t seems that graph with minimal energy in %, (r > 4) should have a
similar structure as the one with minimal energy in @/,f. So the same reasoning
should work well for discussing the minimal energy for graphs in %, (r > 4).
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